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Abstract—Employing a generalized resistive–capacitive shunted
junction model for Josephson junctions (JJs), the nonlinear wave
propagation in the series-connected discrete Josephson trans-
mission line (DJTL) is investigated. A DJTL consists of a finite
number of unit cells, each including a segment of superconducting
transmission line with a single array stack, or generally a block
including an identical lumped JJ element. As the governing
nonlinear wave propagation is a system of nonlinear partial differ-
ential equations with mixed boundary conditions, the method of
the finite difference time domain is used to solve the equations. By
this numerical technique, the behavior of wave propagation along
the DJTL can be monitored in time and space domains. Cutoff
propagation, dispersive behavior, and shock-wave formation
through the DJTL is addressed in this paper.

Index Terms—Dispersion equation, finite-difference time-do-
main (FDTD) method, Josephson junction (JJ) devices, microwave
superconductivity, nonlinear inductance, nonlinear transmission
lines (TLs), nonlinear wave propagation, shock waves.

I. INTRODUCTION

S IGNIFICANT improvements on the performance of a
wide variety of passive microwave devices and systems

can be achieved by using superconducting materials due to
their ultra-low surface resistance, frequency-independent pen-
etration depth, and kinetic inductance. Ultra-low loss, high
quality factor, and ultra-low dispersive behavior in supercon-
ducting microwave devices, such as transmission lines (TLs),
cavity resonators, bandpass filters, and delay lines are the main
consequences of these properties. Superconducting microwave
devices have found niche applications in satellite and mobile
communication systems, high-quality signal processing sys-
tems, RADAR [1]–[3], and more recently in circuit cavity
quantum electrodynamics and quantum information processors
[4], [5].

Greater flexibility in the design of superconductive pas-
sive and active microwave devices can be obtained by using
Josephson junctions (JJs). Two basic electrical properties of JJs,
useful for microwave devices, are nonlinear current-dependent
inductive behavior and the ability to produce a high-frequency
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signal from a dc-bias voltage. Since the inductance associated
with each JJ is quite small, an array or stack of JJs can be
effectively used to achieve any desired amount of inductance
[6], [7]. Incorporation of an unbiased array of JJs in a typical
superconducting TL will produce an ultra-low-loss nonlinear
TL. Propagation characteristics of such nonlinear TLs are
highly dependent on the collective behavior of the JJs that
are in either series connection or parallel connection geome-
tries across the TL. These structures are called either series-
or parallel-connected discrete Josephson transmission line
(DJTL). Although the parallel-connected DJTL has already
been investigated in the past [7], more emphasis was placed
on the study of nonlinear fluxon dynamics for rapid single flux
quantum (RSFQ) applications rather than microwave device
applications [8]. Moreover, the analysis of such a structure
was previously performed based on circuit analysis [7], [9] or
frequency-domain techniques [10]. In this paper, we use a non-
linear finite-difference time-domain (FDTD) technique to solve
TL equations in order to monitor transient and steady-state
response of the series-connected DJTL.

We aim to develop a systematic study of JJ-based microwave/
millimeter-wave and terahertz devices, to take advantage of
their unique properties for making planar superconductive para-
metric devices and integrated active/passive superconducting
microwave/millimeter-wave/terahertz circuits for applications
in superconducting opto-electronics [11] and quantum informa-
tion processing [12] where high sensitivity and ultra-low-noise
operation are on demand.

In this paper, we focus on the analysis of propagation charac-
teristics and features of the series-connected DJTL as the sim-
plest and the most natural way to incorporate JJs in a typical
superconducting TL, e.g., microstrip line. In Sections II, the
circuit model of the JJ and the equivalent nonlinear inductor
are briefly described. In Section III, the physical implemen-
tation and mathematical analysis of a series-connected DJTL
is presented. Details of the new nonlinear FDTD method to
analyze the nonlinear microwave propagation are discussed in
Section IV. Section V reports our simulation results based on
the FDTD technique. With this new approach, we observe all
the features associated with a typical nonlinear TL. They in-
clude cutoff propagation, controllable dispersive behavior, and
shock-wave formation.

II. CIRCUIT MODEL FOR LUMPED JJ

A JJ is a weak link between two superconductor electrodes.
The weak link can be provided by several ways such as a
thin-film insulator, microbridge, or point contact [13]. In the
basic JJ, the current that can be driven through the junction is
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Fig. 1. (a) Generalized RCSJ model of JJ. The element denoted by the cross
sign in this model is referred as a basic JJ element. (b) Basic JJ is replaced by a
nonlinear inductance.

restricted to be less than the critical value, which is denoted by
. Two canonical relations that describe the circuit model of

a basic JJ are

(1)

(2)

where is a magnetic flux quanta with a value of
T m , and is the critical cur-

rent of the JJ. By eliminating the phase difference between
two superconductors, a basic JJ can be replaced by a nonlinear
inductance [6], as shown in Fig. (1b). This nonlinear inductor
satisfies the following equations:

(3)

(4)

where

(5)

The advantage of describing the Cooper pairs flow by a
nonlinear inductive channel over the conventional relation

is the fact that we can only deal with voltage
and current rather than phase difference. The complete elec-
trical characteristics of the generalized JJ are captured by the
resistive–capacitive shunted junction (RCSJ) circuit model, as
illustrated in Fig. (1a). The equations describing the behavior
of the generalized JJ are [14]

(6)

(7)

Josephson critical current is a figure of merit for the junc-
tion, which depends on the quality of superconductors and the
geometry of the junctions. According to (4), nonlinearity plays
a significant role when the driving current is very close to the
critical current; as a result, the effect of nonlinearity becomes
stronger when the critical current of the junction is small (typ-
ically less than 10 A). Replacing the basic JJ element with a
nonlinear inductor, a Josephson tunnel junction can be viewed as

Fig. 2. Series-connected DJTL on a microstrip line (S–I–S junctions).

a nonlinear oscillator in a lossy medium, as depicted in Fig. (1b),
which oscillates at the plasma frequency

(8)

The characteristic “quality factor” of the oscillator is

(9)

where is called the Stewart–McCumber parameter de-
scribing the shape of the dc I–V characteristics of the junction.
Plasma frequency of the junction determines the characteristic
time scale of the dynamical process in the junction.

For a 3 m 3 m JJ constructed by Nb–AlO –Nb tech-
nology offered by HYPRESS in a high current density process,
the junction’s parameters are A, K,

K, pF, and [15], [16], which yields
pH, Trad/s, and . Consid-

ering another junction made of Pb–PbO–Pb, the measured junc-
tion’s parameters are A, K, K,

fF, and , thus pH, which is so
small [13], [17]. Therefore, arrays or stacks of JJs are used
to increase the total inductance of the structure. This array can
be represented by a single junction with times larger induc-
tance, times larger resistance, and times smaller capaci-
tance compared to a single junction, upon the condition of iden-
tical junctions, because there exists three distinct channels for
current flow in a typical JJ: inductive channel for cooper pairs,
resistive channel for normal electron, and capacitive channel
for displacement current. The total inductive channels, Cooper
pair’s flow, can be delineated by the total phase difference
across the array in the form [6]

(10)

The plasma frequency of junctions fabricated by
Al–Al O –Al technology reduces to the order of
20–100 Grad/s; moreover, it possesses much larger inductance
and smaller , which is usually referred to as a overdamped
junction with large dissipation (small ) and small
capacitance [18]. These features are suitable for microwave
superconducting electronics.

III. DJTL

To construct a series-connected DJTL, a microstrip line is
loaded in a periodic fashion by a series of unbiased JJ blocks,
as sketched in Fig. 2.

This block can be a single junction, -fold stacked JJs, array
of trilayer junctions, or any other combination of junctions. The
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Fig. 3. JJ block with RCSJ model of each junction can be represented by a
single effective junction.

Fig. 4. Unit cell of periodically loaded series-connected DJTL.

proposed JJ block, which is used in our simulation part, as de-
picted in Fig. 3. It consists of an array of an identical unbiased
junction in parallel to a fit capacitor and also fit shunt re-
sistance . These extra fit elements are used to control the
resistance, capacitance, and plasma frequency associated with
the junction.

The critical currents, capacitances, normal-state junction re-
sistances, and self-inductances are taken to be identical for all
junctions. Moreover, like an array of JJ, this JJ block can be
represented by a single effective junction. The TL model of this
structure including its unit cell is illustrated in Fig. 4.

If the period of the structure is much less than the wave-
length of the microwave signal, i.e., , we can
exploit the long wave approximation to form
a set of differential equations to elucidate the nonlinear mi-
crowave propagation through this structure. Therefore, in a low-
frequency limit, this structure can be described by a system of
partial differential equations in the form of

(11)

(12)

(13)

(14)

Note that and are lumped elements, but and
are distributed elements. This is the reason of appearance

in (12). is also the flux associated to the nonlinear
inductor (JJ), , , and

.
These equations are derived in a similar manner, which is usu-

ally used to form state equations in circuit theory. Supposing

Fig. 5. Dispersion diagram of series-connected DJTL.� � ���� nH,� �

�� fF, � � �� �, � � ����, � � �� �, � � �� pF, � � �� �,
� � ��� nH/m, � � �� pF/m, � � � cm.

that , we can linearize the above equations by letting
. We then insert harmonic solutions

given by , for all variables of ,
, , and into (11)–(14). This procedure yields a homoge-

nous matrix equation in terms of complex coefficients of ,
, , and . The determinant of this matrix should vanish in

order to have a nontrivial solution. Finally, it results in a disper-
sion relation between complex propagation constant
and angular frequency given by

(15)
Putting a voltage source with the associated series re-

sistance and a load impedance at the ends of the DJTL
and setting all variables to zero before , a set of complete
well-posed equations including a system of partial differential
equations (11)–(14) with mixed boundary conditions and zero
initial values in the form of

(16)

(17)

(18)

By using an array of 1000 Al–Al O –Al junctions with pa-
rameters [18], [19] A, fF, ,

nH, and fit elements of and pF, the
dispersion diagram is shown in Fig. 5. These Josephson blocks
are mounted on a microstrip line with distributed
inductance nH/m and distributed capacitance

pF/m at the equal-distance positions with a spatial period of
cm. The wavelength at Grad/s is equal to 20 cm,

so the period of cm is small enough to hold the slow-
varying approximation, which has been assumed to derive the
TL (11)–(14). With these parameters, the plasma frequency of
the Josephson block is Grad/s, and the Stewart–
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McCumber parameter of a single junction is , all suit-
able for microwave applications. As the JJ block is modeled by
a resonant circuit, the resonance behavior is expected at plasma
frequency. At the low-frequency domain, the inductive part of
the JJ block behaves as a short circuit and at high frequencies the
capacitive part of the block exhibits the same behavior. There-
fore, in both regimes, the effect of the resistive part is reduced
and we expect low attenuation. On the other hand, at the reso-
nant frequency occurring at the plasma frequency, inductor and
capacitor components of each block cancel each other, and the re-
sistance part becomes more prominent by inducing large attenua-
tion. Furthermore, according to Fig. 5, we observe nondispersive
behavior below the plasma frequency (low frequency) and also
far above it (high frequency). At low frequencies, the inductor el-
ements are dominant components; however, at high frequencies,
the capacitors of each block become dominant elements. Thus,
slow wave propagation is expected at low frequencies in compar-
ison to high frequencies. All the above expectations are observed
clearly in the dispersion diagram of Fig. 5.

IV. FDTD METHOD

The first step in obtaining an FDTD solution is to set up a
regular grid in space and time. Time and space steps are denoted
by and , respectively, and the total number of temporal and
spatial grids in the computational domain is referred by and

. A few extra points beyond the computation domain might
be added for numerical reasons. The next step is to approximate
the differential equations with a proper finite-difference scheme.
We used an explicit Lax–Wendroff scheme [20], [21], which is
well suited for our problem. This scheme provides a second-
order accuracy by itself so there is no need to complicate the
implementation by defining additional grids points at half-time
and half-space [22]–[24]. To apply the Lax–Wendroff scheme
in our model, (11)–(14) are restated in the matrix form

(19)

where column vectors , , and are defined as
, and

(20)
Note that is a nonlinear function of . Applying the

Lax–Wendroff scheme, the update equation can be obtained as
follows:

(21)

where , is the value of matrix evaluated at
and and is the 4-by-4 Jacobian matrix whose

entries are defined by

(22)

where and are the th and th element in column vectors
and . To avoid midpoint evaluations, the Jacobian matrices

can be found by

(23)

(24)

Obviously, by applying an update equation of (21) into the
ending points at the two boundaries, two fictitious points appear
at each time step. Due to the possibility of generating instability,
care should be taken to compute such points. Thus, we use the
following relations to calculate extra-left and extra-right points,
respectively, [20]:

(25)

(26)

Based on (16) and (17), update equations for boundary con-
ditions at the two ends of the TL are as follows:

(27)

(28)

It can be perceived that (21) involves four unknowns that are
coupled to each other through four nonlinear equations so at
each grid in the computational domain, a system of nonlinear
simultaneous equations must be solved. A detailed procedure of
the FDTD implementation is illustrated in the flowchart shown
in Fig. 6.

V. NUMERICAL RESULTS

For many numerical simulations, when very small or very big
numbers are involved, it is often helpful to normalize all param-
eters and variables to special values. The scaling rules for FDTD
analysis of the DJTL is described in Table I. Basically, any
scaling rule must have this important property such that when
we substitute new normalized variables and parameters into the
set of master equations for the problem, these equations hold the
same form as they have for the nonnormalized variables and pa-
rameters. Hence, in order to establish a normalization rule in our
problem, we choose four arbitrary constants, namely, , , ,
and , to normalize frequency, wavenumber, impedance, and
current by dividing them by these constants, respectively. All
other remaining parameters and variables are then normalized
into the proper form by using these four assumed parameters,
as described in Table I. By putting new normalized variables
into (11)–(14) or the dispersion relation of (15), this conclusion
is drawn from the above discussion that , , and can be
taken as arbitrary constants, but must be equals to 1 m . A
summary of the above process is shown in Table I.

Authorized licensed use limited to: Karlsruhe Institute of Technology. Downloaded on November 19, 2009 at 06:22 from IEEE Xplore.  Restrictions apply. 



MOHEBBI AND MAJEDI: ANALYSIS OF SERIES-CONNECTED DJTL 1869

Fig. 6. Flowchart including all details for explicit implementation of FDTD to
analyze the DJTL.

TABLE I
NORMALIZATION RULE

In order to conduct the FDTD simulation, we choose the
same structure and also the same physical and geometrical pa-
rameters as described in Section III for calculating the disper-
sion diagram of Fig. 5. The normalization rule of Table I is ap-
plied into the actual parameters and variables of the problem
by reference parameters , rad/s,

A, and m . To be in a small am-
plitude regime, we drive the structure by a sinusoidal voltage
source with amplitude of V and frequency of

Grad/s ( GHz). The series resistance asso-
ciated with the voltage source and also the load impedance at the
end of the structure are . After normal-
ization, the new variables are given as , ,

Fig. 7. Wave propagation in a DJTL analyzed by the RCSJ model, �� � �� �

� m , �� � �� � �� � �, �� � ���, �� � �, �� � �, �� � ���,
�� � �, �� � �, 	 � ����, 
 � �����.

Fig. 8. Group and phase velocity for wave propagation in a DJTL based on the
RCSJ model.

, m , , and
.

Fig. 7 illustrates the voltage wave propagation in a series-con-
nected DJTL over both space and time axes. Due to the abrupt
jump from the resting initial condition to some values by the
voltage source, many Fourier components (frequency compo-
nents) are excited; hence, we observe dispersive behavior in the
forefront of the wave as more clearly shown in Fig. 8, which is
the top perspective of Fig. 7.

Due to the normal resistive channel , the wave will atten-
uate gradually as sketched in the voltage profile of Fig. 9. How-
ever, the leading cycle of the wave train decays more compared
to other cycles because of the dispersion effect that broadens it.
By measuring the distance between two successive crests of the
wave depicted in Fig. 9, the phase constant of the wave is found
to be rad/m. Moreover, by simple algebraic calcula-
tion based on the data of Fig. 9, the attenuation constant is given
as Np/m. Both and are in agreement with the re-
sult shown in dispersion diagram of Fig. 5. The magnitude of the
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Fig. 9. Profile of the voltage pattern in series-connected DJTL. Attenuation and
phase constant can be found from this figure.

Fig. 10. Wave packet propagation in DJTL, �� � ��, �� � �.

voltage at the beginning of the line is half of the magnitude of
the voltage source, as seen in Fig. 9, because of the impedance
matching between the source and line.

The study of the wave packet introduces another interesting
aspect of the DJTL. In the generalized RCSJ model of the JJ,
the resistive element causes the dispersion behavior, which has
already been seen in Figs. 7 and 8. This dispersive behavior can
be monitored by the wave packet. The wave packet that we use
is in the form of

(29)

where . The wave is a relatively smooth
function and plays the role of an envelope for the wave func-
tion . The envelope travels at the group velocity and
the crests of the wave function moves with phase velocity. As
observed in Fig. 10, at different zero-crossing points of the en-
velope, the phase of the wave function changes, and this is evi-
dence of dispersive behavior.

Numerical simulations reveal this important fact that, in some
particular cases, the cutoff condition happens in the series DJTL.

Fig. 11. When driving frequency is close enough to plasma frequency, DJTL
reveals cutoff propagation.

One kind of cutoff condition happens when the DJTL is driven
with frequencies very close to the plasma frequency. At these
frequencies, resonance occurs in the series JJ blocks and the
line becomes very lossy; therefore, the wave decays very fast.
Fig. 11 shows the cutoff propagation when the frequency of the
voltage source is Grad/s. This frequency is located in
the interval of the dispersion curve (Fig. 5), where attenuation
is large.

Spatial discreteness can cause another type of cutoff, which
happens at the Brag frequency. This observation is similar to
the cutoff propagation in the parallel DJTL, which has been de-
scribed by the discreteness factor [7], [25], [26]. This fact is
fully explained in the Appendix. To simplify the problem, we
replace all Josephson blocks with basic junctions by assuming
that , and removing all fit elements ,

. In this case, the propagation condition is given by

(30)

For example, by setting m , ,
and sinusoidal source with frequency , these

parameters fail to satisfy (30) and instead of propagation we
have a cutoff propagation in the steady-state solution of the anal-
ysis, as illustrated in Fig. 12 for . According to (30),
at a given frequency, by increasing , , or , the cutoff fre-
quency decreases, so for large values of circuit parameters, we
encounter blocking in wave propagation at lower frequencies.
This fact has been reported for the parallel-connected DJTL
[25], [26].

According to (4), nonlinear Josephson inductance increases
with increasing current, so we expect that high-current sections
of the waveform to propagate slower than the low-current
sections. Qualitatively, as time evolves, the peak of a current
(or voltage since both have the same profile) leaves behind the
bottom. As a result, a wave with a steeping end can develop,
which eventually leads to a jump discontinuity [27], as repre-
sented in Fig. 13. This type of wave, which takes the form of a
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Fig. 12. Stopped-propagation of voltage wave through a DJTL, �� � �� �

� m , �� � �� m , � � ����, � � ����� �� � �, �� � ���.

Fig. 13. Sketch of the formation of a shock wave in a nonlinear JJ transmission
line, � � �� �� , ��	
 � ������, �� � �� � � m , �� � �.

very sharp change, is called as a shock wave. To see this, the
voltage source is chosen to be a Gaussian pulse in the form of

(31)

The full wave half maximum (FWHM) of the Gaussian pulse
has the relation

(32)

We choose [28], where is a normalized
time step, which is 2.82 10 , and some other parameters
are mentioned in Fig. 13. We have reduced the effect of the
numerical dispersion, as displayed in Fig. 13, by having fine
gridding and also running at a rate very close to the stability
condition of Courant–Friedrichs–Lewy (CFL).

VI. CONCLUSION

In this paper, a series-connected DJTL has been analyzed
based on TL theory. Compared to the continuous Josephson TL,

Fig. 14. Discrete circuit model of DJTL.

the DJTL has demonstrated more microwave compatibility be-
cause of its implementation on a regular TL. A discrete JJ block
can be any combination of JJs and circuit elements, as pointed
out in this paper. Moreover, a sample of a JJ block with its prac-
tical parameters was illustrated. Dispersion equations have been
derived and different regimes based on the dispersion diagram
and plasma frequency have been discussed. A rigorous, robust,
and stable nonlinear FDTD based on the explicit Lax–Wendroff
scheme has been developed to solve the nonlinear wave equa-
tions. Good agreement between the results of the dispersion dia-
gram, which is based on the analytical treatment of the structure
in the frequency domain and the results of the FDTD solver in
time domain has been demonstrated. The cutoff propagation due
to the resonance behavior of the Josephson block and also due to
the discreteness of the structure has been described. Shock-wave
formation has been observed when the DJTL was excited such
that the flowing current is very close to the critical current of the
junctions. This is an indication of the existence of a high non-
linear property in a typical DJTL with a potential application in
realizing parametric devices such as traveling-wave amplifiers
and mixers.

APPENDIX

By dividing a series-connected DJTL into identical unit
cells, we can have another view of the DJTL, as illustrated in
Fig. 14. Instead of continuous variable , index is designated
for each unit cell.

Similar to the parallel-connected DJTL [7], we attain the fol-
lowing equation to express flux propagation in the structure:

(33)

where is the flux associated to the JJ in the th segment.
In above equation, the first, second, third, and fourth deriva-
tives of with respect to time are denoted by , , ,
and , respectively. Considering a particular harmonic so-
lution and small amplitude approximation

, substituting this into (33), this yields the fol-
lowing dispersion relation:

(34)
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If and are distributed inductance and capacitance associ-
ated to the TL, they must be multiplied by the factor before
substitution in (33) and (34). Parameter in (34) is a complex
number accounting for the attenuation and phase difference be-
tween two subsequent cells. If the phase constant and period of
the uniform structure is and , parameter will be equal to

This equation is a modified version of (15) in a sense that
the effect of the equi-spaced discrete Josephson element is taken
into account. However, the uniform model of DJTL is a very
good approximation in low-frequency regime. As frequency ap-
proaches the Bragg cutoff frequency, , the wave
becomes dispersive, and these two dispersion relations deviate
from each other.

If the long wave approximation holds, is
very small and by using , two dispersion
relations in (15) and (34) match very well. Note that when we
are in a small amplitude approximation and temperature is low
enough, most of the current consists of the Cooper pairs, so the
normal and displacement currents are very small, thus,
and . By this assumption, the fluxon dynamics given
by (33) and dispersion relation of (34) reduces to

(35)

(36)

Therefore, to have a wave propagation condition, the fol-
lowing condition must be met:

(37)

as distributed elements and have been substituted by
and , respectively. The right-hand side of this inequality is
the Bragg cutoff frequency. The phase constant corresponding
to the Bragg cutoff frequency is and this is in a quite
good agreement with the fact that the first stopped band edge in
periodic structures occurs at the half wavelength of the wave.
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