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In this work, we consider dispersion laws of spin waves that propagate in a ferromagnet/superconductor
bilayer, speciﬁcally in a ferromagnetic ﬁlm coupled inductively to a superconductor. The coupling is
viewed as an interaction of a spin wave in a ferromagnetic ﬁlm with its mirrored image generated by
the superconductor. We show that, in general, the coupling enhances substantially the phase velocity of
magnons in in-plane spin wave geometries. In addition, a heavy nonreciprocity of the dispersion law is
observed in the magnetostatic surface spin wave geometry where the phase velocity depends on the
direction of the wave propagation. Published by AIP Publishing. https://doi.org/10.1063/1.5077086
I. INTRODUCTION

Spin waves or magnons are eigen-disturbances in magnetic
moments propagating within a magnetic material, such as a ferromagnet (FM), ferrimagnet, or antiferromagnet, via exchange
or magnetostatic interactions. While spin waves have been
known for more than 60 years,1,2 nowadays, an interest in magnonics has re-emerged due to a rapid advancement of nanotechnology and due to the development of new experimental
techniques for studying high-frequency magnetization dynamics. In particular, a good overview of modern trends in magnonics can be found in the Special Issue on Magnonics,
Journal of Physics D: Applied Physics 2017. Also, a few good
books have been released dedicated to magnonics.3–5
Despite the challenges for magnonics,6 including poor conversion efﬁciency of electromagnetic to spin wave signal and
rapid attenuation of spin wave signals, spin waves are particularly promising for information transfer and processing owing
to the following advantages: (i) A dispersion law of a spin-wave
can be easily adjusted simply by changing the applied magnetic
ﬁeld, thickness, and geometry of the media. (ii) Spin waves
enable information transfer across long distances7 with small
dissipation, due to the charge-current-free nature at high microwave operational speed, and with low power consumption. (iii)
The wavelength of a spin wave is in a micro- and
sub-micro-scale at microwave frequencies which allows for the
building of an actual magnonic micro-device for processing of
microwave information. (iv) Finally, unlike photons, magnons
propagate in magnetically ordered (magnonic) media only and
do not couple parasitically to a non-magnetic surrounding.
These advantages favor the development of magnonics
toward information transfer and processing,6,8,9 including
quantum information,10,11 for engineering of spin wave logic
devices,12–14 and periodic magnonic bandgap structures.15,16
Recently, it has been noted that once a FM ﬁlm is placed
on a superconducting (SC) surface, the dispersion law of
0021-8979/2018/124(23)/233903/5/$30.00

magnons is modiﬁed drastically. In Ref. 17, it has been demonstrated both experimentally and numerically that the phase
velocity of magnons in a permalloy ﬁlm increases when the
FM ﬁlm is placed on and inductively coupled to a superconducting surface. The effect emerges due to the magnetostatic
interaction of a spin wave with its mirrored image produced
by the screening currents of a superconductor in the ideal
diamagnetic Meissner state. In this work, we explore this
effect on the dispersion law of magnons in in-plane spin
wave geometries, namely, magnetostatic surface spin wave
(MSSW) and backward volume spin wave (BVSW) modes,
using the micromagnetic simulations18,19 combined with a
micromagnetic method of images.17
II. SPIN WAVE MODES: SIMULATION DETAILS

Based on the orientation of the spin wave propagation
~ there are three
(~
k) relative to the static magnetization (M),
well known modes of magnetostatic spin waves:2,3,15,20,21
the magnetostatic surface spin wave mode, the backward
volume spin wave mode, and also the forward volume spin
wave (FVSW) mode.
The MSSW mode is observed when the in-plane wave
vector is oriented perpendicular to the direction of magneti~ and follows the dispersion law
zation (~
k ? M)
ð2πf =μ0 γ Þ2 ¼ ðH þ Ha ÞðH þ Ha þ Ms Þ
þ Ms2 [1  exp (  2kd)]=4,

(1)

where f is the wave frequency, μ0 is the vacuum permeability, γ is the gyromagnetic ratio, k ¼ 2π=λ is the wave vector,
λ is the wavelength, H is the applied magnetic ﬁeld, Ha is the
anizotropy ﬁeld, Ms is the saturation magnetization, and d is
the thickness of the ferromagnetic ﬁlm.
The BVSW mode is observed when the in-plane wave
vector is aligned with the direction of in-plane magnetization
124, 233903-1
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~ and follows a different dispersion law
(~
k k M)
ð2πf =μ0 γ Þ2 ¼ ðH þ Ha Þ
 fH þ Ha þ Ms [1  exp (  kd)]=kd g: (2)
The BVSW mode is often of speciﬁc interest due to its negative group velocity.3,21,22
If a spin wave is excited with short wavelength comparable with the exchange length (2A=μ0 Ms2 )1=2 , where A is the
exchange stiffness constant, the exchange energy becomes
substantial or even dominant, and the magnetostatic spin
wave dispersion law is supplemented by the effective
exchange ﬁeld: in Eqs. (1) and (2), the magnetic ﬁeld H is
substituted by H þ (2A=μ0 Ms )k2. Note that while exchangedominated spin waves are the most promising for applications
owing to a wide range of its high eigen frequencies, these are
the hardest to excite due to a sub-micro scale of their typical
wavelengths. Operation with exchange-dominated spin waves
requires either precise nanotechnology23–25 or more sophisticated approaches.26,27
The dispersion relation of a ferromagnetic system can be
studied numerically using micromagnetic simulations18,19 as
demonstrated in Refs. 5, 28, and 29. Brieﬂy, the numerical
procedure is as follows. A magnetized ferromagnetic ﬁlm is
placed at an applied magnetic ﬁeld H. A magnetic ﬁeld pulse
of a sinc temporal proﬁle is applied locally orthogonally to
~ and the evolution of local magnetic moments in the ﬁlm
H,
~ r, t) is recorded. The maximum of the amplitude of the
M(~
~ r, t) provides the disperspace-time Fourier transform of M(~
sion f (~
k). In order to avoid the reﬂections, an exponential
Gilbert damping proﬁle is set near the boundaries of the ﬁlm.
In this work, a particular MSSW mode and a particular
BVSW mode are considered, and therefore, it is sufﬁcient
to perform the micromagnetic simulation employing a 1D
mesh, following Refs. 5 and 20, in order to capture correctly
the magnetostatic spin wave activity.
If a magnetic moment is placed in close proximity to a
superconductor, the effective ﬁeld that acts on a moment
changes. The Meissner currents emerge in a superconductor
that screen the magnetostatic stray ﬁelds of the moment, i.e.,
the ideal diamagnetic Meissner state is realized. These
screening currents affect the actual ﬁeld acting on a magnetic
moment.
The magnetostatic problem of a ferromagnetic ﬁlm
placed on the superconducting surface can be treated with
the method of images as magnetostatic interaction of two
ferromagnets.17 The method of images, illustrated in Fig. 1,
implies inductive coupling of macro-spins in the ferromag~ y, z) ¼ (Mx , My , Mz ) located over a distance
netic layer M(x,
z above the superconducting surface x  y with their mirror
~ im (x, y,  z) ¼ (Mx , My ,  Mz ). Numerical impleimages M
mentation of the method of images in micromagnetic simulations is executed by inclusion of all image macro-spins
~ im for calculation of the dipole-dipole component of the
M
effective ﬁeld at each time step of integration of the
Landau-Lifshitz-Gilbert equation.
In this work, for investigation of magnetostatic modes,
L  W  d rectangular permalloy FM ﬁlms are placed in the
x–y plane. The ﬁlms are 1D-meshed to 1  5000  1 cells

FIG. 1. Illustration of the method of images. Left image: A ﬁnite-size
ferromagnet (shown in orange) is placed on the surface of a superconductor
(shown in blue). The superconductor, as an ideal diamagnet, excludes all
magnetostatic stray ﬁelds induced by any orientation of spins in the
ferromagnet. Right image: Within micromagnetic terms, such coupling is
~ (red arrows)
equivalent to the interaction of ferromagnetic macro-spins M
~im with respect to the superconducting surface
and their mirrored images M
(blue arrows).

along y-axis. The magnetic ﬁeld was applied along the x-axis
for excitation of the MSSW mode and along the y-axis for
excitation of the BVSW mode, and the sinc ﬁeld pulse
was applied along the z-axis. The following micromagnetic
parameters, typical for permalloy ﬁlms,17,30 have been used
for simulations: Ms ¼ 9:3  105 A/m, Ha ¼ 2:5  103 A/m,
~ the exchange stiffness constant A ¼ 1:3
aligned along H,
11
10 J/m, and γ ¼ 1:856  1011 Hz/T. For investigation of
magnetostatic modes, the excitation pulse was of a sinc temporal proﬁle with fmax frequency, of a Gaussian spatial proﬁle
with the width σ, and of an amplitude of 0:001Ms .
Only in-plane modes are considered in this work, since
the out-of-plane FVSW geometry typically requires a high
magnetic ﬁeld H . Ms for appropriate excitation of spin
waves. At high magnetic ﬁeld, Abrikosov vortices penetrate
the superconductor, which reduces the screening capabilities.
In particular, for inﬁnite superconducting thin ﬁlm at outof-plane magnetic ﬁeld B  H, and technically, no screening
of magnetic ﬁeld takes place. Yet, superconductivity persists
at H below the second critical ﬁeld. Therefore, screening
capabilities of a superconducting ﬁlm and applicability of
the method of images with its micromagnetic representation
(Fig. 1) are not obvious.
III. RESULTS AND DISCUSSION

In Fig. 2, we show dispersions for ﬁlms at H ,, Ms
where dispersions are the steepest. Dispersion laws for
several thicknesses and magnetic ﬁelds are compared in the
supplementary material. Figure 2(a) shows MSSW dispersions
simulated for the L  W  d ¼ 250  250  0:1 μm3 ﬁlm at
H=Ms ¼ 3:3  103 , σ ¼ 100 nm, and fmax ¼ 50 GHz. Black
solid lines show the dispersion of the plain ferromagnetic
ﬁlm, i.e., with no superconductor in vicinity, obtained with
micromagnetic simulation. Blue dashed lines in Fig. 2(a)
show the dispersion of the plain ferromagnetic ﬁlm calculated using the theoretical expression (1). Simulated curves
match well the theoretical dispersions indicating applicability
of the simulation method.
Red solid curves in Fig. 2(a) show MSSW dispersions
of the FM ﬁlm placed on the SC surface, obtained with
micromagnetic simulation combined with the method of
images (Fig. 1). It shows that the magnetostatic interaction
of MSSW with the perfect diamagnetic surface of the
superconductor enhances strongly the phase velocity f =k.
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FIG. 2. Dispersion laws for spin waves in different geometries. The dispersions of plain FM ﬁlms obtained with micromagnetic simulations are shown with
solid black curves. The dispersions of plain FM ﬁlms calculated using theoretical expressions [Eqs. (1) and (2)] are shown with dashed blue curves. The dispersions of FM ﬁlms on the SC surface obtained with micromagnetic simulations combined with the method of images are shown with solid red curves.
(a) Dispersion law for a L  W  d ¼ 250  250  0:1 μm3 ﬁlm in MSSW geometry derived at H=Ms ¼ 3:3  103 , σ ¼ 100 nm, and fmax ¼ 50 GHz.
(b) Dispersion laws for the same case as in (a) but switched on/off AC components of the image magnetostatic stray ﬁeld. (c) Dispersion law for a
L  W  d ¼ 15  15  0:003 μm3 ﬁlm in MSSW geometry derived at H=Ms ¼ 3:3  103 , σ ¼ 9 nm, and fmax ¼ 75 GHz. (d) Dispersion law for a
L  W  d ¼ 250  250  0:1 μm3 ﬁlm in BVSW geometry derived at H=Ms ¼ 2:2  101 , σ ¼ 100 nm, and fmax ¼ 50 GHz. The theoretical dispersion of
the FM ﬁlm placed on the surface of the perfect conductor for (a) and (c) cases is shown with dashed red curves.

Also, a nonreciprocal behavior is observed: the relative
enhancement of the frequency is stronger for positive wave
vectors k. In particular, for k ¼ þ1 μm1 , the frequency
grows from f ¼ 14:8 GHz to f ¼ 26:4 GHz, i.e., almost by a
factor of 2, while for k ¼ 1 μm1 , the frequency grows
from f ¼ 14:8 GHz only to f ¼ 15:3 GHz, i.e., by 3% only.
The dependence of the dispersion on the direction of the
wave-vector +k, i.e., the nonreciprocity, is a known property
of MSSWs. In MSSW geometry, the wave energy is localized at the surface of the ﬁlm depending on the direction of
wave propagation.3,4 A change of the direction of the propagation (or alternatively, a change of the direction of the external magnetic ﬁeld) causes the localization of the MSSW to
move to the opposite surface of the ﬁlm. Any kind of asymmetry of the ﬁlm or its surrounding causes emerging of
the nonreciprocal dispersion relation (see, for instance,
Refs. 20 and 31–33). For instance, in MSSW geometry, the
frequency bandwidth for positive k is doubled when the
FM ﬁlm is placed on the surface of the perfect conductor
(PC)4,31–33 as depicted with red dashed curve in Fig. 2(a).

Thus, the nonreciprocity we observe in Fig. 2(a)
emerges due to the nonuniform distribution of image magnetostatic ﬁelds produced by superconducting Meissner currents. We illustrate it in Fig. 2(b) where we plot dispersions
calculated with the same parameters as in Fig. 2(a) but
with switched on/off individual y and z components of
the magnetostatic stray ﬁeld of the image Hyim and Hzim . The
image component Hyim operates in phase with the dipole
magnetostatic stray self-ﬁeld component of the ﬁlm Hyd for
both þk and k, and the action of Hyim increases the dispersion frequency [depicted with green dashed lines and
arrows in Fig. 2(b)]. Yet, Hyim is larger for þk and results in
larger frequency gain at þk as compared with the effect at k.
In contrast, the image component Hzim operates in-phase with
Hzd for þk and in opposite phase for k [depicted with purple
dashed lines and arrows in Fig. 2(b)]. Also, the absolute value
of Hzim is larger at þk which results in larger frequency difference at þk as compared with the effect at k. The cumulative
action of image ﬁelds Hyim and Hzim results in substantially
larger frequency gain at þk [depicted with red solid lines and
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black arrows in Fig. 2(b)]. At large applied magnetic ﬁelds
(see the supplementary material), the Hyim and Hzim components are compensated out and the effect at k is negligible.
Interaction of the exchange spin waves with the superconducting screening currents is considered for much thinner
FM ﬁlm of d ¼ 3 nm, where the dipolar dispersion is
suppressed. Figure 2(c) shows the MSSW dispersions for
the L  W  d ¼ 15  15  0:003 μm3 ﬁlm simulated at
H=Ms ¼ 3:3  103 , σ ¼ 9 nm, and fmax ¼ 75 GHz. Black
solid lines show the dispersion of the plain ferromagnetic
ﬁlm, i.e., with no superconductor in vicinity, obtained with
micromagnetic simulation. Blue dashed lines in Fig. 2(c)
show the dispersion of the plain ferromagnetic ﬁlm calculated using the theoretical expression (1). Simulated curves
match perfectly theoretical dispersions. Red curves in
Fig. 2(c) show simulated dispersions of the FM ﬁlm placed
on the SC surface. It shows that the magnetostatic interaction
of the spin wave with the perfect diamagnetic surface of the
superconductor enhances the phase velocity even for short
spin waves in the exchange regime. The nonreciprocal behavior is also observed. In particular, for k ¼ þ20 μm1 , the frequency grows from f ¼ 26:6 GHz to f ¼ 35:4 GHz, while
for k ¼ 20 μm1 , the frequency grows from f ¼ 26:6 GHz
only to f ¼ 27:1 GHz. The simulated dispersion curve is in
good agreement with the one calculated for the ﬁlm coupled
to the PC surface [red dashed curve in Fig. 2(c)].
Figure 2(d) shows the BVSW dispersion for L  W
d ¼ 250  250  0:1 μm3 permalloy ﬁlms simulated at
H=Ms ¼ 2:2  101 , σ ¼ 100 nm, and fmax ¼ 50 GHz. Black
solid line shows the dispersion of the plain ferromagnetic
ﬁlm, i.e., with no superconductor in vicinity, obtained with
micromagnetic simulation. Blue dashed line in Fig. 2(d)
shows the dispersion of the plain ferromagnetic ﬁlm calculated using the theoretical expression (2). Simulated curve
matches well the theoretical dispersion. Red curve in
Fig. 2(d) shows the simulated BVSW dispersion of the FM
ﬁlm placed on the SC surface. It shows that the magnetostatic
interaction of BVSW with the perfect diamagnetic surface of
the superconductor also enhances the phase velocity. In addition, coupling with the superconductor changes the curvature
of the dispersion law from concave to convex.
As a ﬁnal remark, we discuss applicability and limitations
of the SC screening effect and of the method of images. We
presume that the limiting wavelength of a spin wave for
screening is comparable with the London penetration depth of
a superconductor, which ranges from hundreds of nm in high
temperature superconductors to 10-100 nm in conventional
low temperature superconductors. Small limiting length favorably distinguishes superconductors from the real conductors
where the wavelength for screening as the perfect electric conductor is limited by the skin depth31 which is in micrometers
for the microwave frequency range. The operation frequency
for screening of a spin wave by a superconductor is limited by
the superconducting gap frequency which is typically in
sub-THz range.34 We presume that the limiting in-plane magnetic ﬁeld, i.e., magnetic ﬁeld aligned along the surface, for
effective screening is the second critical ﬁeld for type two
superconductors. Indeed, while above the ﬁrst critical ﬁeld
magnetic ﬂux penetrates into a superconductor with vortices,
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the superconducting surface retains its screening capabilities
for Oe ﬁelds. At an out-of-plane magnetic ﬁeld above the ﬁrst
critical ﬁeld, the destructive two magnon scattering35 of spin
waves on the superconducting vortex lattice may take effect.
IV. CONCLUSION

In sum, we have numerically considered the effect of the
inductive coupling of spin waves with the superconducting
surface on the dispersion law of spin waves. The coupling is
viewed as the magnetostatic interaction of micromagnetic
macro-spins in the ferromagnetic ﬁlm with their mirrored
image generated by screening currents of the superconductor.
We have shown that, in general, the coupling substantially
enhances the phase velocity of spin waves in any in-plane
geometry: MSSW mode, BVSW mode, and in the exchange
regime. In addition, a strong nonreciprocity of the dispersion
law is observed in the MSSW geometry. The nonreciprocity
is explained by unequal action of the image components of
magnetostatic ﬁelds at opposite directions of wave propagation. Overall, this work emphasizes that coupling of spin
waves with a superconductor provides a powerful practical
tool for tuning their dispersion law.
SUPPLEMENTARY MATERIAL

See supplementary material for comparison of dispersions for several thicknesses of FM ﬁlms at different magnetic ﬁelds.
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