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Abstract – We consider spiral resonators as promising ultra-compact magnetic components
for negative index metamaterials. In order to explore such a possibility, we study the electrody-
namics of a planar monofilar Archimedean superconducting spiral resonator. The frequencies
of microwave resonances that can be excited in such a system are calculated taking into account
an inhomogeneous current distribution across the spiral. It is shown that the resonance fre-
quencies are equidistant, and the current distribution inside of the spiral can be presented in a
simple analytical form. The obtained values of resonance frequencies are in a good agreement
with experiment.

I. INTRODUCTION

Metamaterials are associated with artificially prepared and structured media showing unusual electrodynamic
properties, e.g. left-handed wave propagation, negative index of refraction, variety of photonic patterns, etc. [1].
The design of such materials established over decade ago consists of a set of resonators incorporating a trans-
mission line [2, 3]. In the many previous experiments, various types of split-ring resonators (SRRs) have been
used [3, 4, 5]. The resonant frequencies of such resonators are determined by the ratio between the width of the
capacitor gap ` and the size R of SRR, and are typically in the GHz range.

The greatest advantage of a multi-turn spiral resonator is its compactness. The characteristic dimensions of
a spiral resonator could be orders of magnitude smaller then its resonant wavelength. The major limitation to
compactness of resonators made of normal metals are the losses, which increase with decreasing the resonator
size. Planar spiral resonators (PSRs) made of superconducting materials easily overcome this problem and can
be made deep sub-wavelength in size [5, 6]. Recent experiments with superconducting PSRs showed high-Q
resonances in 100 MHz range [6, 7]. Using monofilar PSRs with densely packed turns, the lowest resonances were
observed at the frequencies about 70 MHz [7]. For a ring-shaped narrow spiral, with both inner Ri and outer Re
radii larger than the width of the spiral, a peculiar dependence of resonant frequencies on the resonance number
n, that resembles ωnR ∝ (n + 1/2), has been experimentally observed. Here, we consider another limit of a
disk-shaped wide spiral resonator having the radii Ri � Re.

As we turn to the theoretical analysis of electrodynamic properties of a PSR, it is necessary to find resonant
frequencies and current distribution inside of the PSR. For superconducting PSRs, the ac current distribution across
a spiral can be experimentally measured by the laser scanning microscopy. These measurements carried out in Ref.
[7] have shown strongly inhomogeneous current distribution as the system was tuned to the resonance. Therefore,
to quantitatively analyze resonant frequencies with an arbitrary harmonic n, one has to elaborate a theoretical
analysis of spiral resonator electrodynamics taking into account inhomogeneous current distribution across a spiral.
The time-dependent vector-potential ~A(~r, z, t) and electric field ~E(~r, z, t) are determined by the electrical current
flowing along a spiral,~j(~ρ, t), where ~r and the coordinate z determine the position of the observation point. The
vector ~ρ determines the coordinate in the plane of spiral. Using specific boundary conditions, i.e. the component
of electric field parallel to the spiral wire ~E‖ to be zero, we can obtain a set of resonant frequencies.
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Fig. 1: A sketch of a spiral resonator with many turns. The polar coordinates ρ, ϕ (the coordinates of the point on
spiral), and r, θ (the coordinates of the observation point in the plane of the spiral) are shown. Re is the external
radius of spiral.

II. ELECTRODYNAMICS OF A THIN WIDE PLANAR SPIRAL RESONATOR

Let us consider a monofilar Archimedean spiral resonator of a finite length with many densely packed turns.
The total number of turns is N . The current~j(~ρ, t) flows along the spiral. Such geometry can be characterized by
the angle ϕ which changes from 0 to 2πN , and a corresponding change of a polar coordinate ρ. The equation of
Archimedean spiral is written as

ρ(ϕ) = Re(1− αϕ), (1)

where the parameter α = d/(2πRe) = (Re − Ri)/(2πReN) � 1 and Re and Ri are accordingly the external
and internal radii of a spiral, and d is the distance between adjacent turns. Here we consider a wide PSR with
Ri � Re. The schematic view of the spiral resonator is shown in Fig. 1. The following electrodynamic analysis
of a thin wide planar spiral resonator is similar to the one carried out in Refs. [8, 9] for an infinite helical coil. We
neglect the current inhomogeneities inside of the wire and use the following approximation: The wave vector k
is much smaller than a typical inverse size of inhomogeneities in the current distribution across a spiral ψ(ρ), i.e.
k � 1/Re.

In order to obtain resonant frequencies we apply boundary conditions specific to the spiral case, i.e. the compo-
nent of electric field parallel to the wire Es is equal zero. This condition can be written as

ReαEr + rEθ|z=0 = 0, (2)

where Er and Eθ are an electric field components. Both the electric field and the vector-potential are determined
by current distribution function ψ(ρ). Thus, Eq. (2) could be rewritten to following differential-integral equation
for new function Y (τ) = e−τψ(τ):

−Y ′τ (0)K(ξ) +

∫ ∞
0

dτK(ξ − τ)
(
Y ′′τ (τ) + 2Y ′τ (τ) +

ω2ε0µ0R
2
e

α2
e−3ξY (τ)e−τ

)
= 0, (3)

where τ = ln Re

ρ , ξ = ln Re

r and the kernel K(ξ − τ) =
∫∞
0
dzJ1[e

ξ−τz]J1[z]. Within local approximation, Eq.
(3) is written as

Y ′′(ξ) + 2Y ′(ξ) +
ω2ε0µ0R

2
e

α2
e−4ξY (ξ) = Y ′(0)K(ξ). (4)

The solution of homogenies equation (4) is Y (ξ) = A sin(ω2
Re

cα e
−2ξ) which means that the current distribution is

written as

ψ(r) = A
Re
r

sin(
ω

2

Re
cα
r2), (5)

where A is an integration constant. There are specific boundary conditions ψ(0) = ψ(1) = 0, which allow one to
find the resonant frequencies. The resonant frequencies are determined by the formula ωn = 2πn α

cRe
. The graphic

representation of Eq. (5) at resonant frequencies is shown in Fig. 2.
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Fig. 2: The current distribution across the spiral turns for first three resonance modes. ψ(r) normalized to maxi-
mum value equal to one.

III. EXPERIMENTAL RESULTS

We have measured the transmission spectrum of a single superconducting spiral fabricated as a printed circuit
board covered by thin layer of Pb-Sn alloy with dimensions Re = 15 mm, N = 23, d = 0.7 mm. The sample
is placed between two loop probes 30mm in diameter, whose axes are parallel to each other and the spiral, as
it was made in recent work [6]. The distance between the loops and the spiral is 40mm. The data are taken at
temperature 1.6K with an input power of 10 dBm and demonstrate five resonances at 84 MHz, 184 MHz, 273
MHz, 360 MHz and 446 MHz. These results are in agreement with theoretically predicted resonant frequency
relation 1 : 2 : 3 : 4 : ... except of the first harmonic frequency which is lower than expected. Lowering of the first
resonant frequency could be qualitatively explained by the coupling between the spiral and the probe loops.

IV. CONCLUSION

Theoretical model and experimental results for a single Archimedean superconducting spiral resonator are re-
ported. The analytically calculated resonant frequencies are found to be in good accord with the experiment. The
profile of the current distribution across a spiral at resonance frequencies is also calculated. The current distribu-
tion shows a pronounced maximum shifted to the outer side of the spiral. The medium of spiral resonators could
be used as a magnetic component of negative index metamaterials.
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